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	Introduction

	The ALevel  Maths course consists of 3 elements, Pure Maths and two applied ones in Mechanics and Statistics. If you are choosing to do Further Maths you will  be taking each of these elements to the next level with some interesting and challenging material, which willl enhance your Mathematical ability and prepare you for courses in Maths after your ALevels.

	

	As a department we are keen to support your Mathematical development and ensure that you are making good progress towards fulfilling your potential. This booklet will help you to make a good start to the course and will give you a firm foundation and essential techniques needed for the work you will be doing throughout the two year course. It is important that you work through each chapter carefully following the examples and procedures needed and then answer the questions that follow. You do not need to go through every question but do enough of them to ensure you have a firm understanding of the topic.  It is essential you have a good knowledge of these topics before the start of the year in September. The material covered should be familiar as these topics are also in the GCSE specification.   

	

	We all look forward to you joining a very successful ALevel Maths programme at St Benedict’s after the Summer. Work hard to prepare yourself in the best possible way to help enhance your level of understanding of the topics you will encounter.
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Example 2: Solve the equation 61+ 7 = 5 — 2x.

Solution:
Step 1: Begin by adding 2x to both sides 8x+7=5
(to ensure that the x terms are together on the same side)

Step 2: Subtract 7 from each side: 8x=-2

Step 3: Divide each side by 8: x=-Y%

Exercise A: Solve the following equations, showing each step in your working:

) 2w+5-19 2) 5x-2-13 3) 11-4x=5

) 5-7x=-9 5) 11+3r=8-2v 6) Tx+2=4x-5
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Example 3: Solve the equation  2(3v—2) =20 —3(x + 2)

Step 1: Multiply out the brackets: 6x-4=20-3v-6
(taking care of the negative signs)

Step2: Simplify the right hand side: 6x—4=14-3x
Step 3: Add 3x to each side: 9x—4=14

Step4: Add4: 9x=18

Step 5: Divide by 9: x=2

Exercise B: Solve the following equations.

D S2v-4)-4 2)  42-0)=3kx-9)

3 8-(x+3)=4 4 14-32x+3)=2
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EQUATIONS CONTAINING FRACTIONS

When an equation contains a fraction. the first step is usually to multiply through by the
denominator of the fraction. This ensures that there are no fractions in the equation.

Example 4: Solve the equation §+ 5=11

Solution:
Step 1: Multiply through by 2 (the denominator in the fraction):  y+10 =22

Step 2: Subtract 10: y=12

. 1
Example §: Solve the equation —(2x+1)=5
Solution:
Step 1: Multiply by 3 (to remove the fraction) 2x+1=15
Step 2: Subtract 1 from each side 2x=14

Step 3: Divide by 2 =7

When an equation contains two fractions. you need to multiply by the lowest commion denominator.
This will then remove both fractions.
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Example 6: Solve the equation XT“ + %2 _

Solution:
Step 1: Find the lowest common denominator:

Step 2: Multiply both sides by the lowest common denominator

tep 3: Simplify the left hand side:

g

Multiply out the brackets:

4
&
=

Simplify the equation:

4
&

Subtract 13

19
o
N

: Divide by 9:

19
o
-

The smallest number that both 4
and 5 divide into is 20.

200+ | 20(:+2)
4 5

=40

5 .
26<;+1)+26<;+2> —10

S+ 1)+4x+2)=40
Sx+5+4r+8=40
o+ 13=40

ox=27

x=3
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x-2 3-5x

Example 7: Solve the equation x+

6
Solution: The lowest number that 4 and 6 go into is 12. So we multiply every term by 12:
2652 L, 12650
Simplify 12x+3(x—2)=24-2(3-5x)
Expand brackets 12x+3x—6=24-6+10x
Simplify 15x—6=18+10x
Subtract 10x 5x-6=18
Add 6 Sx=24
Divide by 5 x=48
Exercise C: Solve these equations
1 2x x

1 Z(x+3)=5 2 Zoi=S4a

) 3 x+3) ) 3 3

3 RV S 4
) I )
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Exercise C (continued)

5) 7171:13—){ 6 y—l+y+l=2y+5
2 273 s
7)) apaXZio3x¥3 g 2-3-10,
3 Tk

FORMING EQUATIONS

Example 8: Find three consecutive numbers so that their sum is 96.

Solution: Let the first number be . then the second is 7 + 1 and the third is 7 + 2.
Therefore 24+ 1)+ (n+2)=96

3n+3=96

3n=93

n=31
So the numbers are 31. 32 and 33.
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Exercise D:

1) Find 3 consecutive even numbers so that their sum is 108.

2)  The perimeter of a rectangle is 79 cm. One side is three times the length of the other. Form
an equation and hence find the length of each side.

3)  Two girls have 72 photographs of celebrities between them. One gives 11 to the other and
finds that she now has half the number her friend has.
Form an equation, letting # be the number of photographs one girl had at the beginning.
Hence find how many each has now.
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Chapter 3: SIMULTANEOUS EQUATIONS

‘An example of a pair of simultancous equations is 3v+2y=8 ®
Ssxy=11 @

In these equations. x and y stand for two numbers. We can solve these equations in order to find the
values of x and v by eliminating one of the letters from the equations.

In these equations it is simplest to eliminate . We do this by making the coefficients of v the same
in both equations. This can be achieved by multiplying equation @ by 2. so that both equations
contain 2y
3x+2y=8 ®
10x+2y=22 2:@=0

To eliminate the y terms. we subtract equation @ from equation @. We get:
ie.

To find y. we substitute x = 2 into one of the original equations. For example if we put it into @:
10+y=11

1

2.y=1

Therefore the solution is x

Remember: You can check your solutions by substituting both x and y into the original equations.
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Example: Solve  2v+
3v—4v

Solution: We begin by getting the same number of x or v appearing in both equation. We can get
20y in both equations if we multiply the top equation by 4 and the bottom equation by 5:
8x+20y=64 O
15v-20v=5 @

As the SIGNS in front of 20y are DIFFERENT. we can eliminate the  terms from the equations by
ADDING:

0+@

ie.

So...
The solution is x =3,y = 2.

If you need more help on solving simultaneous equations, you can download a booklet from the
following website:
http://www.mathcentre.ac.uk/resources/workbooks/matheentre /web-simultaneous 1 pdf
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Exercise:
Solve the pairs of simultaneous equations in the following questions:

n 2)

3) 4)
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5)  4a+3b=22 6  3p+3g=15
Sa—4b=43 2p+5¢=14
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Chapter 4: FACTORISING

Common factors

We can factorise some expressions by taking out a common factor.

Example 1: Factorise 12x - 30
Solution: 6 is a common factor to both 12 and 30. We can therefore factorise by taking 6
outside a bracks
12v-30=6(2x—5)
Example 2:  Factorise 6x° — 2x
Solution: 2 s a common factor to both 6 and 2. Both terms also contain an x.
So we factorise by taking 2x outside a bracket.
62— 2xv=2x(3x—3)
Example 3:  Factorise 937 — 18x%
Solution: 9 is a common factor to both 9 and 18.

The highest power of x that is present in both expressions is x°.
There is also a v present in both parts.
So we factorise by taking 9+ outside a bracket:
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Example 4:  Factorise 3x(2v— 1) —4(2v— 1)

Solution: There is a common bracket as a factor.

So we factorise by taking (2v — 1) out as a factor.
The expression factorises to (2x — 1)(3x — 4)

Exercise A

Factorise each of the following

)}
2)
3)
4)

5)

3x+ay

4% -2y

P’ -pq

3pg -9¢

203 - 62
8a°p? - 12°p*

Syr—1)+ 3@ —1)
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Factorising quadratics

Simple quadratics: Factorising quadratics of the form x* +bx+c

The method is:

Step 1: Form two brackets (v ... )(x .

Step2: Find two numbers that multiply to give ¢ and add fo make 5. These two numbers get
written at the other end of the brackets.

Example 1: Factorise x* — 9x — 10.

Solution: We need to find two numbers that multiply to make -10 and add to make -9. These
numbers are -10 and 1.
Therefore x> —9x— 10 = (x— 10)(x + 1).

General quadratics: Factorising quadratics of the form ax® +bx +c

The method is:

Step 1: Find two numbers that multiply together to make ac and add to make b.
Step 2: Split up the b term using the numbers found in step 1.

Step 3: Factorise the front and back pair of expressions as fully as possible.
Step 4: There should be a common bracket. Take this out as a common factor.

Example 2: Factorise 6x2 +x — 12.

Solution: We need to find two numbers that multiply to make 6 x -12 =-72 and add to make 1.
These two numbers are -8 and 9.

Therefore,  6x°+x—12= 627 -8x +9x— 12

=2x(3x—4) +3(3x-4) (the two brackets must be identical)

=@Br—4)(2x+3)
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Difference of two squares: Factorising quadratics of the form x° —a*

Remember that x* =@ +a)x—a).

2

Therefore: x> —9=x" -3’ = (x +3)(x—3)
163 —25=(2x)° =5’ = 2x+5)(2x-5)

Also notice that: 222 —8=2(x" —4) =2(x + 4)(x—4)
and 33° 4807 =3x(x? —16p?) =3x(x +4p)(x —4y)

Factorising by pairing
We can factorise expressions like 23> +xy - 2x -y using the method of factorising by pairing:

22 +ay—2x—y

2(2x+3)=1(2x+1)  (factorise front and back pairs. ensuring both

brackets are identical)
=@ +nE-1)

If you need more help with factorising. you can download a booklet from this website:
htp://www.mathcentre.ac.uk/resources/workbooks/mathcentre/web-factorisingquadratics.pdf
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Exercise B

Factorise
1) ¥ -x—-6
) XP+6x-16

3) 207 +5x+2

4) 2% —3x (factorise by taking out a common factor)

5) 3x* +5x-2

6) 237 +17y+21

7 TP -10y+3

8) 10x? +5x 30

9) 4x7 25

10)  2¥—3x—aw+3y°
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11)

12)

13)

14)

43 —12x+8

16m® —81n’

4y* —9a’y

8(x+1)" —2(x+1)—10
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Chapter 5: CHANGING THE SUBJECT OF A FORMULA

We can use algebra to change the subject of a formula. Rearranging a formula is similar to solving
an equation — we must do the same to both sides in order to keep the equation balanced.

Example 1:  Make x the subject of the formula = 4x + 3.

Solution: y=4x+3
Subtract 3 from both sides: y-3=4x

Divide both sides by 4: 1

-3

So x= is the same equation but with x the subject.

4

Example 2:  Make x the subject of v = 2 — 5v
Solution:  Notice that in this formula the x term is negative.

Add 5x to both sides
Subtract y from both sides

(the  term is now positive)

Divide both sides by 5
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We can rearrange to make F the subject.

Multiply by 9
Expand the brackets
Add 160 to both sides

Divide both sides by 5

Therefore the required rearrangement is F =

Example 3:  The formula C = w

is used to convert between ° Fahrenheit and ° Celsius.

_5(F-32)
R

9C =5(F-32) (this removes the fraction)
9C =5F -160

9C+160=5F

9C+160 _
xR
9C +160
=

C

r

Exercise A

Make x the subject of each of these formulae:

)}

3)

2)

4)
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Rearranging equations involving squares and square roots

Example 4: Make x the subject of x? + y* = w?

Solution:
Subtract ¥ from both sides: (this isolates the term involving x)

Square root both sides:

Remember that you can have a positive or a negative square root. We cannot simplify the answer
any more.

Example 5: Make a the subject of the formula 7 = i 5:
Solution: (=1 pa
a\N'n
Multiply by 4 4t = 57"
. , Sa
Square both sides 16 ===
Multiply by /: 16r°h =5a
>
Divide by 5: lorh_,

5
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Exercise B:

Make 7 the subject of each of the following

D p=
32r

3) v=Lztn
3

5)

2)

pon
32r

r=a+br’
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More difficult examples

Sometimes the variable that we wish to make the subject occurs in more than one place in the
formula. In these questions. we collect the terms involving this variable on one side of the equation.,
and we put the other terms on the opposite side.

Example 6:  Make 7 the subject of the formula a —xt =b+ yt

Solution: a-xt=b+yt
Start by collecting all the t terms on the right hand side:
Add x7 to both sides: a=b+yt+xt
Now put the terms without a 7 on the left hand side:
Subtract b from both sides: a-b=yt+xt
Factorise the RHS: a-b=t(y+x)
Divide by (v +): ab_,
y+x
. Lo a-b
So the required equation is t=
y+x
. Wa
Example 7: Make 17 the subject of the formula 7'~ = %

Solution: This formula is complicated by the fractional term. We begin by removing the fraction:

Multiply by 2b: BT = 2B =Wa
Add 2b77 to both sides: BT =Wa+2bW  (this collects the W’s together)
Factorise the RHS: BT =W(a+2b)

Divide both sides by a + 2b: W=

Ta+2b
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If you need more help you can download an information booklet on rearranging equations from the
following website:
http://www.mathcentre.ac.uk/resources/workbooks/mathcentre/web-formulae2-tom. pdf

Exercise C
Make x the subject of these formulae:

1) av+3=bvtc 2 3@+a)=k(x-2)

4)
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Chapter 6: SOLVING QUADRATIC EQUATIONS

A quadratic equation has the form ax* +bx+c=0.

There are two methods that are commonly used for solving quadratic equations:
* factorising

* the quadratic formula

Note that not all quadratic equations can be solved by factorising. The quadratic formula can
always be used however.

Method 1: Factorising

Make sure that the equation is rearranged so that the right hand side is 0. It usually makes it easier
if the coefficient of x° is positive.

Example 1: Solvex>-3x+2=0

Factorise (-1)x-2)=0
Either (v—1)=0or (x=2)=0
So the solutions are x = 1 orx =2

Note: The individual values x = 1 and x =2 are called the roots of the equation.
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Example 2:  Solvex>—2v=0

Factorise:  1(x=2)=0
Eitherx=0 or (x=2) =0
So x=0or x=2

Method 2: Using the formula

Recall that the roots of the quadratic equation ax® +by+c =0 are given by the formula:

Y:—bix/bz —4ac

2a

Example 3: Solve the equation 2x* —5=7—3x

Solution: First we rearrange so that the right hand side is 0. We get 2x* +3x—12=0
We can then tell that a = 2. 5= 3 and c=-12.
Substituting these into the quadratic formula gives:

_ 3237 —4x2x(-12) _ 3%
B 2x2 T4
If we have a calculator. we can evaluate these roots to get: x=1.81 or x=-3.31

x (this is the surd form for the solutions)

If you need more help with the work in this chapter. there is an information booklet downloadable
from this web site:

http://www.mathcentre.ac.uk/resources/workbooks/mathcentre/web-quadraticequations.pdf
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EXERCISE

1) Use factorisation to solve the following equations:
a) P+3x+2=0 b))  xP-3x-4=0

2) Find the roots of the following equations:
a) P+3=0 b) P2 -4x=0

3) Solve the following equations either by factorising or by using the formula:

a) 6% -5x—4=0 b) 82— 24x+10=0
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4) Use the formula to solve the following equations to 3 significant figures. Some of the equations
can’t be solved.

a) P2+7x49=0 b) 6+3x=28x"

5] 42-x-7=0 4 P-3x+18=0

&) 32+4x+4=0 f) 32=13x-16
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Chapter 7: INDICES

Basic rules of indices

»* means yxyxyxy.

There are 3 basic rules of indices:
D d"xd =a""
) a"+d =d""

» @y =a”

4 s called the index (plural: indices). power or
exponent of y.

g 3*x3 =3
g Fx30=3
eg () =3

Further examples

x5y’ =597
4a° x6a’ =24a’

24d" +3d* =

(multiply the numbers and multiply the a’s)
(multiply the numbers and multiply the ¢’s)

(divide the numbers and divide the d terms i.e. by subtracting

the powers)
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Exercise A

Simplify the following:

) bxSH = (Remember that b=b5")
2) 3 x2° =

3) blexbe =

4 2t x(-6n’)=

5) 8n® =21 =
6 died =
N (@)=
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More complex powers

Zero index:
Recall from GCSE that

a"=1.
This result is true for any non-zero number a.

o
Therefore  5° =1 GJ =1 (-5.2304)° =1

Negative powers

) ) 1
A power of -1 corresponds to the reciprocal of a number. ie. a” =—
a

Therefore s1=L
5
025t =L =4
0.25
4)' s
[E) =5 (you find the reciprocal of a fraction by swapping the top and

bottom over)

This result can be extended to more general negative powers: a”"

This means:
o1 1
3= ==
3?9
11
2= =—
216
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Fractional powers:

Fractional powers correspond to roots:

=7

In general:
' —4fa
Therefore:

§5 =2

So e ( Jz)3

OREN

=2 =g

[

252 =25 =5

A more general fractional power can be dealt with in the following way:

5

36 3/27
25

)

10000 =4/10000 =10

@ =(an)"
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Exercise B:

Find the value of:
o4
2) 27"
N
» (%)
4 57
5 18
71
272
2
g
(3
9 g
100 (0.04)7

I [%J
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312
1
12 —
> (ie)
Simplify each of the following:
13)  2d"2x3d”?

14)  xPxx?

15 (2 )uz
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Practice Booklet Test

This is the test that Year 12 mathematicians sat last September. Your test will ask similar questions

to this one.

You may NOT use a calculator

—b++b* —dac
2a

If a?+bx+c=0 then x=

1. Expand and simplify
(a) @x+3)2x~-1) () (a+3)

2. Factorise

() 4x(3x—2)—x(2x +5)

(@) ¥-7x () -64 () AP +5x-3 d) 67 -13r+5

3 Simplify
1’y 3x+2  4x-1
+
O BCE
4 Solve the following equations
1, % =4 () P-8x=0

() pP+dp=12
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Write each of the following as single powers of x and / y
1

@ ®) @ ©

Work out the values of the following. giving your answers as fractions

e o ofsf

Solve the simultaneous equations 3x—5y=-11
sx-2y= 7

Rearange the following equations to make x the subject
(@) V=u?+2ax (b)V:§m:2h @ y="*2

x+1

Solve 5x*—x

0 giving your solutions in surd form
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SOLUTIONS TO THE EXERCISES

CHAPTER 1:

ExA

1) 28v+35 2) -15x+21 3) Ja+4 1) 6y +3)? 5) w-4
6) Tx—1 7) FP+5x+6 8) £-3t—10 9) 6% +xy—12)7

10) 42 +4x-24 11) 49°-1 12) 12+ 17x -5

ExB

1) xX-2x+1 2) 9 +30x+25 3) 49x2-28x+4 4 P-4

5) 9% -1 6) 257 -9

CHAPTER 2

ExA

D7 D3 1 H2 535 6B

ExB

4 D5 )1 Hn%

215 3)247 4353 53 62 NS Y5
1) 34, 36, 38 2) 9.875,29.625 3) 24,48

CHAPTER 3
Hx=1y=3 2) x=-3,y=13) x=0,y=24) x=3,y=1
5) a=7,b=-26) p=11/3, ¢=43

CHAPTER 4

ExA

DxG+)) 2) 2x-)) 3) pelg-p) 4 3q@p-39) 5) 2°x-3) 6) 4a°P2a’-3)
7 @-DEy+3)

ExB

D @-3)x+2) 2) x+8x-2) 3) @x+1Ex+2) 4 x(x-3) 5) Gr-1)x+2)
6 Q+)+N D y-No-1) 8 52x-3)a+2) 9 Qr+H&x-5) 10) @-3)x-))
11) 4x-2)(x—1) 12) 4m—9n)(@m+9n) 13) Y2y—3a)2y+3a) 14) 2(4x+5)(x—-4)
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Dox=2— ) x=4y-5 3) x=34y+2) 4 x

D oxoT3 g gl o 2yed o ab

a-b -3 Sy-2 b-a
CHAPTER 6
Da)-L2 b)-L4 oS53 2803 04 22

3)a) -12.43  b) 0525 4)a) 530, -1.70 ) 1.07, -0.699 c) -1.20,145
d) nosolutions ~ e) no solutions ) no solutions

CHAPTER 7

ExA

1) 565 2) 6¢7 3) B¢t 4) -12n° 5) 4n’ 6) & T) a® 8 -d?

ExB

D2 23 3)13 9125 51 U7 7)9 894 9% 10)02 11) 49 12) 64
13) 6 14) x 15) x?
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SOLUTIONS TO PRACTICE BOOKLET TEST

1) a) 42+4x=3 b) @+6a+0 <) 10x-13x
2 2 x(x=7) b) ¢FEr-8) ) Qx-Dx+3) d) Gr- 5H2r-1)

10x+3

3 2} DI

4 a)h=5 b)x=0orx=8 <) p=-6orp=2

Haxt b ox

6)a)$ b1 c)§

7) x=3.y=4
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Extended reading list

Suggested Further Reading / Watching List
Books:

Godel, Escher. Bach an cternal golden triangle — Douglas R Hofstadter
This is a long, demanding although ultimately highly rewarding investigation of the paradoxical
links between three giants of their scemingly different areas.

Chaos - James Gleick
This is a quite dense although rewarding exploration of chaos theory

The Code Book — Simon Singh
This is a fantastic book which investigates different arcas of cryptography including the wartime
code breaking and modern eryptography

Fibonnacis Last Theorem — Simon Singh
This is a really accessible and interesting exploration of how this long standing mathematical puzzle
was eventually solved

Freakonomics- Steven D.Levitt and Stephen J. Dubner
This is an incredible book looking at the amazing reasons for some interesting aspects in modern
societies

Super Freakonomics - Steven D.Levitt and Stephen J.Dubner
More of the same as at least as good

Why Do Buses Always Come In Threes The Hidden Mathematies Of Everyday Life — Rob
Eastaway and Jeremy Wyndham This is an accessible book looking at genuinely interesting
oceurrences of maths in the real word
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Alex’s Adventures In Numberland — Alex Bellos
This is another really accessible book full of interesti
real word — highly recommended.

g investigations of how maths appears in the

The Story Of Maths DVD — BBC Marcus Du Sautoy
This amazing and accessible series looks at the fundamental role mathematics plays in shaping the
world in which we live g a fantastic historical perspective on events.

Music Of The Primes DVD - BBC Marcus Du Sautoy

The Code DVD - BBC Marcus Du Sautoy
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Chapter 1: REMOVING BRACKETS

To remove a single bracket, we multiply every term in the bracket by the sumber or the expression

on the outside:

Examples

1) 3 +2) =3x+6y

2 ﬁ\s) =)+ (D63
= 4x+6

To expand two brackets, we must multiply everything in the first bracket by everything in the
second bracket. We can do this in a variety of ways. including

* the smiley face method

* FOIL (Fronts Outers Inners Lasts)

* using a grid.

Examples:
1 G+DE+2) =xEx+2)+1x+2)
or

H)(x+2) =x+2+2x+
¢ Q(j ) =x2+3x+2 ’

or

(+D)(x+2) =2 +2x+x+2
=2+

“
[EAL B
-
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(r-2)2x+3) =x(2x+3)-2(2x +3)
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EXERCISE A Multiply out the following brackets and simplify.
1. 7(4x+5)
2. 3(5x-7)
3. 5a—4(3a-1)
4. 4y+y(2+3y)
5. 3x—(x+4)
6. 5(2x-1)—(3x-4)
7. (x+2)(x+3)
8. (1-5)(r-2)
9. (2x+3»)(3x—4y)
10. 4(x - 2)(x +3)
1L 2v- D@2y + 1)

12. 3+ 594 —x)
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Two Special Cases

Perfect Square:
(x+a) =(x+a)(x +a)=x*+2ax+a’
(2r-372 =(2x—3)(2x—3) =4 - 12x +9

Difference of two squares:
x-a)xta) =*-a%
(x-3)(x+3)

EXERCISE B Multiply out
1. (x-17

2. (Gx+5)

3. (7x-2)

4 (x+2)(x-2)
5 Gr+DGy-1)

6. (5y-3)5r+3)
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Chapter 2: LINEAR EQUATIONS

When solving an equation, you must remember that whatever you do to one side must also be done
to the other. You are therefore allowed to

o add the same amount to both side

o subtract the same amount from each side

o multiply the whole of each side by the same amount

o divide the whole of each side by the same amount.

If the equation has unknowns on both sides. you should collect all the letters onto the same side of
the equation.

If the equation contains brackets. you should start by expanding the brackets.
A linear equation is an equation that contains numbers and terms in x. A linear equation does not

contain any x* or x* terms.

More help on solving equations can be obtained by downloading the leaflet available at this
website: http:/www.mathcentre.ac.ul/resources/workbooks/mathcentre/web-simplelinear.pdf

Example 1: Solve the equation 64— 3v =25

Solution: There are various ways to solve this equation. One approach is as follows:

Step 1: Add 3x to both sides (so that the x term is positive): 64=3v+25
Step 2: Subtract 25 from both sides: 39=3x
Step 3: Divide both sides by 3: 13=x

So the solution is x = 13.





